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Abstract

Generalized coherent states were presented recently for systems with one degree
of freedom having discrete and/or continuous spectra. We extend that definition
to systems with several degrees of freedom, give some examples and apply the
formalism to the model of two-dimensional fermion gas in a constant magnetic
field.

PACS numbers: 42.50.Ar, 03.65.Fd, 71.10.Ca

1. Introduction

One recent generalization of coherent states [1, 2] is based on a set of three requirements
introduced by John Klauder some years ago [3], namely normalization, continuity in the
parameter(s) and a resolution of the unity. For the sake of completeness, we outline this
formalism here. Based on the required properties, one can say that, given a finite or separable
infinite-dimensional Hilbert space with orthonormal basis denoted as {|n)},<n, a superposition
of the type

Jn/Z
|, y)—\/_Z— e e |n) 0<J<R yeR w<x (1)
N()
is a coherent state if
NUH=) = )
n=0 Pn
is convergent for J < R and if the moment problem
0]
J'——=dJ = p, 3
NG P 3)
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admits a positive solution for W(J) (R can of course be infinite). Many different moment
problems of this type are presented and solved for instance in [4]. Knowledge of W (J) allows
a resolution of identity in terms of the coherent states:

1 T R
lim —/ dy/ dJ WD, y)(J, y| =L o
-T 0

T—o0o 2T
We now suppose that the kets |n) are eigenvectors of a self-adjoint operator H with
eigenvalues we,,

H|n) = wey|n) (5)

w being some positive constant and {e, } being a strictly increasing sequence of numbers with
eo = 0. We thus obtain a property that we call evolution stability (temporal evolution if H has
a Hamiltonian meaning):

eI, y) =1,y +ot). (6)

In previous works the relation (J, y|H|J, y) = wJ (or some variant of it, see [2]), called
the action identity, was imposed. In order to obtain it from our definition (1) we have to set

Pn=e€1e,...,6, for n>1 po = 1. 7

Different choices for the function p, are possible and will give different mean values for H
and also different moment problems. The variable J was called the ‘action variable’ but we
hereafter call it the coherence variable.

In what follows we shall present a few explicit examples, based on the simplest and most
popular coherent states.

1.1. Examples

One should note that all the following cases have in common the linear nature of the spectrum,
which allows a special grouping of the J and y variables leading to an analytical formulation
of the Fock—Bargmann type.

1.1.1. Harmonic oscillator. The space of states of the harmonic oscillator is an infinite-
dimensional Hilbert space in which its stationary Schrodinger equation reads (7 = 1)

H|n) = wn|n) (8)

(we consider a shifted Hamiltonian to lower the zero-point energy to zero). Therefore,
equation (1) becomes

00 Jn/Z )
J.y)=¢ '/ — e "n). 9
I/, ) ;m In) 9)

Identifying +/J e~ = z we have the canonical coherent states, also called the Glauber—
Klauder—Sudarshan (GKS) states.
These states are overcomplete with weight function W (J) = %:

1

2 00 00
7 d)// dJ|J, y){J, vyl =) In)n| =1 (10)
27[ 0 0 n2=(:)
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1.1.2. The case of su(l,1). Another interesting choice for p, is based on the binomial

coefficient:
-1
vV+n
,on=< ) I1<veN. (1
n

In this case we have
o0
+ .
vi J,y) = (1 =2y <” ")J"/Ze—‘"w (12)
n=0 n

and the normalization condition imposes 0 < J < 1. These states can be identified with
the Perelomov coherent states for the su(1, 1) algebra in its discrete series representation
U" where v € N* [8]. Here we recall that the three generators of this algebra obey the
commutation relations

[Ko, K+] = £K+ (K., K] =—-2K, 13)

and in the involved discrete series representation we have

v+1
Kolv,n) = T+n v, n) vl n>0. (14)
(This notation is slightly different from the standard one.) Similar to the previous case,
the grouping of the two parameters into the complex number z = +/Je " leads to a

Fock-Bargmann formalism. However, the important difference with the oscillator (or Weyl—-
Heisenberg) case lies in the fact that z is now restricted to the open unit disc.

The weight function for these states is W(J) = W‘:N and the overcompleteness relation
holds in the unit circle:

T [ G s s = Y i =1 (s)
~ l); ’ l); ’ = n)nj =1L
)y V) a=—pEn Y NE L

1.1.3. The case of su(2). We can also apply this formalism to a finite-dimensional system, for
example, a unitary irreducible representation of su(2), a case in which we also have a complex
Fock-Bargmann structure and for which we have the equation L.|j,m) = m|j,m), ] €
N/2,—j < m < j. The condition ¢, > 0 demands that we introduce the shifted operator
L = L.+ j and the states |n) = |j, m) such thatn = j +m. Therefore, L |[n) = n|n) and we
can write

lz) = =Je V. (16)

W\/(IZI Z

o —1
pu = (2’ ) (17)
n

2j

2y 2j 2n __ 2N\2j
N(|z|>—2<n)|z| = (1+z[)¥ (18)

n=0

If we choose

we have

and therefore

|2) = (1+|Z|2)] Z (J+m>zj+m|j’m> (19)
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which are the usual su(2) coherent states. We can use points of the unit sphere rather than
those on the plane to label these states, through the projection z = tan(6/2) e = /J e~
(¢ = y is the azimuth and 6 is the latitude). The states are then denoted by |j; 6, ¢) and are
known as Bloch states in the literature. They are of course overcomplete, as we can see from
the formula

2j+1 , , 2j+1 d?z
; 0, ;0,01dS = =1
2 [ioiol = [ e S om ol = L

m=—j

(20)

where dS = sin 6 df dg and I, is the identity in the g-dimensional Hermitian space C? carrying
the involved UIR of su(2).

2. Symbols and Berezin—Lieb inequalities

Berezin [6] and Lieb [7] separately introduced the concepts of upper and lower symbols of an
operator A, respectively A and A. They are defined through the relations

=/w@M@mm A@x) = (z]Alz)

where |z) is a set of complete (or overcomplete) normalized quantum states that (usually, but
not necessarily) provide a resolution of the unity. Note that given an operator A its upper
symbol is not unique in general. Let us give some of these symbols for the three examples we
just presented.

e For the harmonic oscillator and in terms of the corresponding creation and annihilation
operators,

(zla'alz) = |z)* 1)

aTa = /dZZ(|Z|2 — Dz){zl. @2)

e For the algebra su(2),

(J:0.9lL:|j: 6. ¢) = jcost (23)
2j+1 . .
L=~ /dS(J+1)0089Il;0,<p>(1;9,¢l. 24
TT

e For the algebra su(1, 1),

Wi Ty Kolv: J. ) v+1 /1+J 25)
v; J, v; J,y) =
YV IK0 14 ) 1—J

1 [ L vdg v—1 1+J
Ko=— d A ). 26
=2, 7//0 (1_1)2< 7 )(I_J)Iv Yy J, vl (26)

In the case v = 1 the last equation does not apply and has to be replaced by

m S(1l—e—1J)
61535/ /d] a=77 w=1J,yYv=1Jy. 27
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It can be proved (see [7]) that, given any convex function g, the following inequalities
(called the Berezin—Lieb inequalities) hold:

/ di(z)g(A) < Tr(g(A)) < / du(z)g(A). (28)

As an application of our formalism, we shall present in section 4 an evaluation of the
Berezin—Lieb (BL) inequalities for the thermodynamic potential of a two-dimensional electron
gas in a constant perpendicular magnetic field.

At this point, an interesting question can be addressed: given a separable Hilbert space
with an orthonormal basis {|n), n € N}, the related number operator N such that N|n) = n|n),
one can build the families of states (9) and (12). How are the associated BL inequalities with
A = N related? The answer is a simple coordinate change. When dealing with the family (12)
one should interpret N as Ky — (v + 1)/2 and the BL inequalities are

Uoydy w+1J Uoydy (v—1J
/0 (1_J)zg<1_1><Tf(g(N”</o (1_J)zg( 1_J> (29)
where g is any convex function. The transformations
= (vE1)J 30
1—J
take (29) to
. / 2(x,) dx, < Tr(g(N)) < —— / g(x_) dx_. 31)
v+1J v—1Jp

It is evident that if we had used family (9) we would have reached the same result, except for
the v-dependence. This dependence shows that the canonical coherent states are more suited
for calculating BL inequalities than any of the families (12). A similar observation can be
made for the su(2) coherent states and one can see that in the limit j — oo they give the same
results as the canonical ones.

3. Generalization

We now want to generalize expression (1) to the case of several degrees of freedom, that is,
when the basis states are written as |ny, na, ..., n,) = n), r > 2.

Let us begin by an example extending the above su(2) construction. Consider the Hilbert
space H = @ en/2H;, orthogonal direct sum of all Hermitian spaces H; = C**! carrying
unitary irreducible representations of su(2). For each representation U/ we have the family
{1j; 0, p)} satisfying (20), which in this case we call ‘resolution of the orthogonal projector’
I;+1. To get an overcomplete family of states solving the unity on the large Hilbert space H
one could, for example, define
J/ e—i2in
|1 Jas yis y2) =712 .

Zj% V!
where tan(6/2)e™ = ./JLe . One should note the ‘GKS-like’ character of this
superposition. These states obey

1730, 9) =1J1. 71,0, 9) (32)

2 00
/ dm/ cm/dswuoul,m,e,mul,m,e,m:11 (33)
0 0

with W(J;) = 8’# Note that it is interesting in itself to divide the large Hilbert space into its
bosonic and fermionic parts,

H = Hbos @ errm (34)
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and to give the explicit form of the weight functions Wy, and Wee, involved in the resolution
of the respective projectors I,os and Ige,. The result is

' JJ/2 —ijn
11, 11,0, @) bos = ¢/ ZTU 0.9)  j=0.12... (35)
J
2j=D/4 —i@2j-1y /2
J e ) ) 13
171, 71,6, 9) ferm =€ /2 Y~ _ jsbe) =35 (36)
i (35!
2J; —1
Whos(J1) = v (37
T
2,
Weerm (J1) = —. 38
ferm (J1) 92 (38)

Based on this simple example, we obtain multidimensional generalizations of the standard
one-dimensional coherent states, possibly in a recursive fashion. First of all, we assume we
have a complete set of » commuting observables satisfying the eigenvalue equations:

Aj|n) = wie;(n)|n). (39)
So, we could deal with the following general form of corresponding coherent states:
1 Jn/2
I, y) =
VN D {2}: NaD)

where the sum runs over all possible values of the variables n;, N is a normalization factor and
p(n) is an arbitrary positive function of all the indices. The expressions J*? and y - e(n) stand
for [17_, Jl.""/ * and yiei1(n) + - - - + yre,(n), respectively. We could add specific conditions to
definition (40) as was done in [1, 2], but we will rather adopt a more intuitive approach, based
on recursivity.

We can first introduce coherence variables for the rth degree of freedom:

e 17¢m ) (40)

T2 e
ny,na, ..o, Jryvr) = e_””e’ Yn) 41
VN(Jy) 57 NP
where the sum runs over all possible values of n, and both the norm N, (J,) and the function
pr may depend on the remaining indices. These states should satisfy a resolution of the

orthogonal projector on the subspace defined by fixing ny, ns, . .., n,—; (we shall impose the
adapted Klauder conditions at each step):
/du(fr, yolnin. o Je vy na, eyl =Y Iy =Ty, - (42)
Now, if we suppose that the dependence of the p; and e; on the r-uple n is organized in an
hierarchical fashion as p;(n) = p;(ny,n,,...,n;) and ¢;(n) = e;(ny,ny,...,n;), we can
proceed to associate a coherence variable with each degree of freedom until we get
1 Jl”l/2 J2nZ/2 r/2
|J’ y> —1}/161 —1)/232 e _lyrer |Il> (43)
mE e S e
where N; stands for N; (J;, Jis1, ..., Join1, na, ..., 1ni—1).

Equation (39) guarantees stability under the action of the group generated by all operators
A;. The choice of the functions p; will determine their expectation values. One should keep
in mind the possible dependence of p; and e; on the indices n;, j < i and it is evident that if
such dependence is not present then one will end up with simple tensor products of states of

type (1).
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3.1. Examples

In order to illustrate the formalism, let us deal with a simple case in which we have two degrees
of freedom, r = 2. In this case equation (43) reduces to

1 ‘]lnl/2 —iyje 1
1, J2, 1, y2) = Z e
V:;l(‘lla J2) P Vp](nl) \/._/Qz(nl,.lz)
an/Z
Z —1)/1 ezlnl, n2>. (44)
p2(ny, ny)

We have already deﬁned one kind of generalized coherent state for such a space in (32). We
now present two others.

3.1.1. GKS-GKS. The standard choice p,, = n;!, e; = n;, i = 1, 2, yields the tensor product
of two independent GKS coherent states:

lz1,22) = e —(lz1*+z2)/2 Z Z

n1=0n,=0

T «/_lnl’nz 2 =T e, (45)

These states are of course overcomplete and their weight function is simply 1/72.

3.1.2. GKS-su(1,1). In this case we introduce coherence variables for the first degree of
freedom in the following way:

ny+ny+1 .
1, Do, ya) = (1 = Jp)+272 Z ( e )12"2/2 e |ny ny).  (46)
Vlz—o
In this step we have, as in (15), a resolution of the projector I,,, = Zij:o |ny, ny)(ny, ny|. We
now introduce the second pair of coherence variables again in a ‘GKS-like’ manner:

o ’11/2 e—lylnl

_ ~—N/2 -
i, honip) =e Z_O I ) (47)
The complete resolution of identity now reads
I= /dﬂ(h, S, v v, J2, vn, v2) (b o, vt 2l (48)
where
2 2 o] 1
[antnimnm=["an [Can [Can [ anwoim @)
0 0 0 0
Wi, o) = i (50)
P T -

4. Application to 2D magnetism

The Hamiltonian for two-dimensional spinless electrons confined by an isotropic harmonic
potential and submitted to a constant magnetic field B is written as

1 e 1 2
H=>5- (P+ zA) +SmaiR (51)
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where Coulomb interactions are neglected. In the symmetric gauge A = %B x R this
Hamiltonian can be expressed as a sum of a two-dimensional isotropic harmonic oscillator
and an angular momentum operator

H Lpry L)+ (P2t Loty ) 4+ g = oy + L (52)

=|— —mo — me —Ly=
2m * "8 2m Y8 2 T T
where . = eB/mc is the cyclotron frequency, w = /w? + 4a)(2) and Lo = XP, — Y P,.
Instead of directly using the oscillator annihilation operators,

_ 1 X_'_ilo}D _ 1 Y_'_ilo}D (53)
ax_ﬁlohx ay_ﬁlohy

one can work with two other ones, which are linear superpositions of a, and a,:

1 1 .
= S5 +iay (54)
where ly = /2hi/mw. Note that a; and a, are bosonic operators: [aj, al] =1=[a, a;].

The operators Hp and L, can be simply expressed in terms of the number operators N = afa 1
and N, = a;az as

a) = (ay, —iay) a, =

ho hw,
Hy = 7(N1+N2+1) LZ=T(N1—N2). (55)
The eigenvectors of the total Hamiltonian are tensor products of single Fock oscillator states:
1
T\ T2
ny,ny) = ——(a a 0, 0). 56
Ini, nz) W(1)(2)| ) (56)

In the following we will use the three families of generalized coherent states presented
above in order to obtain Berezin—Lieb inequalities for the thermodynamic potential associated
with the Hamiltonian (52). This system has already been considered in [5], where the authors
derived an exact analytic result for the thermodynamic potential. Our approach yields only
bounds to this quantity, and recovers the results of [5] in some special limits.

4.1. Harmonic oscillator symmetry

We first deal with the tensor product states (45):

|21, 22) = exp [——(|11|2+|Zzl )L]Xn: \/—j—lnlanz) (57)
In this case the upper and lower symbols for the total Hamiltonian read

20 =ho(z1)* + |22 — D) +hoo(|z1* = 221 = 2H — 2ho. (58)
The Berezin—Lieb inequalities for the thermodynamic potential Q = — = Tr In(1 + e PH=L),

where u is the chemical potential and 8 = 1/kpT, are given by
1 3 1 ”
-— / In(1+ePH=My a7 d*2 < Q < ——— / In(1 + e PH=1Y) 427, d?z,. (59)
B2 B2

By making the substitutions u = hB[|z1]*(® + @) + |22/* (@ — @), v = hB|z11* (@ + o),
they reduce to

——/ du/ dvIn(l +kie™) < Q2 < ——/ du/ dvIn(l +x_e™) (60)
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and, after integrating by parts, eventually become

Pky) < Q< Plk) (61)
where k4 = ef#+1/2) The function ¢ is given by
K 00 MZ e U
) = = B Bhaoy? /0 I +Kke™
1 F3(—«) for « <1
= Z2Rr 2 _ -1y _ (k) 2’k
B(Bhawn)? | F3(—k"") — == — =~ for « >1
with
o0 Zm
F@) =) —. 62
+(2) ; e (62)

We can use inequalities (61) to study extreme regimes. For very high chemical potential with
respect to the quantumiw /2, or alternatively in a semiclassical regime, we have Ky ~ e > 1
and the inequalities squeeze the thermodynamical potential to the value:

2 2 3
~ B 2 (R TN g (KoL py—emrir
Q= 6<th> |:1+71<M> 6<M)F3(e )]. (63)

For extremely high temperature, kT > u, we have k+ =~ 1 so that the thermodynamic
potential is approximately equal to

ksT\*
Q~ kgT (3—> F3(—1). (64)
ha)()

This is in agreement with the exact results presented in [5].

4.2. su(2) symmetry

This dynamical symmetry can be put into evidence by introducing the operators L, = afaz

T

and L_ = a,a;. The commutation relations read
L. | L.
[L+a L—] =2 L3 ) Li = :tLi (65)
how. | ho,

and the invariant Casimir operator is given by

c=tw v Ly (L T (MM (NN (66)
T o hoe) 2 2 ’

Therefore, for a fixed value j = (n; + n)/2 of the operator (N; + N»)/2 = Ho/hw — 1/2,
there exists a (27 + 1)-dimensional UIR of su(2) in which the operator L./(hw.) has its
spectral values in the range —j < m = (n; —ny)/2 < j. Note that in the weak field limit
w. K wp the energy levels E,, ,, = %"’(m +n,+ 1)+ h‘;f (n) — ny) can be approximated by
E; =hwy(2j+1).

This symmetry suggests the use of states (32) that explicitly read

JJ
|sz197¢>:eij/2 =
2 T

J . j+m j—m
2j 4 0 —i(j+m)p| ;
E = — e, m). 67
X 4 <j+ ) (cos 2) <sm 2) e |j, m) 67)

m=—j

—i2jy
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The relations

Cl) 2

Hy — > 8n2/ /dS/ dJJ—IJ v.0,0)(J,y,6, ¢
ha)c 27‘[

L, =52 ds J—cos@lJ v,0,0)(J,v,0, 0|

(Jv.0.0|HolJ.y.0.,9) = 7(J +1)

J
(J,7,0,0IL:|J,y,0,¢) = hch cos 6

(dS = sin@ df dg is the area element of the S sphere) allow us to write lower and upper
symbols for the total Hamiltonian:

. J h N
H:E(ha)+ha)ccos€)+7w=H+ha). (68)

The Berezin—-Lieb inequalities

2 00 N
S dy | dS | dJJIn[l+e PH-M] < Q
Snakﬁ V/ A nilte ]

2
— —B(H—p)
\W/o dy/dS/dJ]ln[1+e ] (69)

in this case involve the integral

00 1 0
/ ds / dJJIn[1+pge 0otteccosOl] = on / dy / dJ T In[1+ kg e Gostons]
0 -1 0

(70)

where again ki = ef#“*1“/2) and with the substitution y = cos . Therefore, since
o (1 + ke=<5)d F3(—k) for k<1,¢>0 0
/0 Xin(l ke ™) dr = "5\ by ok — W' _ 2k for k> 1,60 D)

and
1
dy 2 1

./—1 (0 + w:y)? (a)2 - w?) 2w} (72)

we can write (69) again as

Pey) < Q< Pli-) (73)

where ¢ (k) is given by (62). The fact that we obtained the same result using both families
of generalized coherent states is not due to any peculiarity of the Hamiltonian. In fact, the
integrals in (59) and in (70) are related through the change of variables

lz1]* + |22 = J lz11* = |z22)* = Jy (74)

and therefore will be the same for any Hamiltonian (and not only for the thermodynamic
potential).
4.3. su(l, 1) symmetry

The su(1, 1) structure underlying this 2D magnetism model can be displayed by introducing
the operators:

t i ! Hy
K, =aa, K_=aa Ky = §(N1+N2+1)= e (75)
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It is easy to see that these operators satisfy the su(1, 1) commutation relations. Hence, the
Casimir operator reads:

, 1 Ni—N, 1\ /N, —N, 1
D=K2— (KK +K_K,) = ,o !
2 2 2 2 2

_(Lz +1><LZ 1) (76)
“N\hw.  2) \ho. 2)°

When n; > ny, for a fixed value n = (n; —ny +1)/2 > 1/2 of the operator (N} — N, +1)/2,
there exists a UIR of su(1, 1) in the discrete series, in which the operator K has its spectral
values in the infinite range n,n + 1, n + 2, .... Alternatively, when n; < n,, for a fixed
value p = (—n;+ny+1)/2 > 1/2 of the operator (—N;+ N, +1)/2, there also exists a
UIR of su(1, 1) in which the spectral values of the operator Ky run in the infinite range
p,p+1,p+2,....

This symmetry is well suited to the strong field limit, in which w. > @( and the energy
levels can be approximated by E,, ,, & hw.(n; + 1/2). Therefore, for a given value of nj,
which corresponds to the Landau level index, we have an infinite degeneracy labelled by
ny. One can reinterpret it in terms of su(1, 1) symmetry by noting that, for a given value of
(n; — ny), the energy eigenstates are ladder states for some discrete series representation of
this algebra.

The su(1, 1) symmetry has to be explored in a different way from the previous su(2)
symmetry. First of all, we have to decompose our Hilbert space into a direct sum of
three subspaces or sectors, corresponding to n; > np,n; = np and n; < n, respectively:
H =H- & H= & H-. Accordingly, the trace of a function g of the Hamiltonian decomposes
as Tr(g(H)) = Tr-(g(H)) + Tr—(g(H)) + Tr-(g(H)). We can then apply Berezin-Lieb
inequalities for each sector.

In the first sector we use as generalized coherent states the superposition (47):

o0
. +m+1\ ,, .
|J1, o, y1, y2) =172 Z e (1 — Jp) D2 Z <n " )J2 e im0 m)

n/2

(77)
wheren =ny —n, — 1, m = n».
To the sector n; = n, = n we simply associate GKS coherent states
0 n/2
/3, y3) = e Z e n). (78)

To the last sector we associate states analogous to (77) but withn =n, —n; — 1, m = ny.
Let us focus on the first sector. The resolution of the projector

oo
/du(fl,fz,yl,yz)ul,h, vy v val =) Y nnma) i =1 (79)

ny=0n;>n;

holds with f du(Jy, J2, v1, ¥2) given by (49) and (50). The restrictions Hy. = I. Hypl. and
L.. =1.L.I. of the operators Hy and L, can be written as

J 2) (1+ T

Hy- =hw/dM(J1,J2,7/1,7/z) - (1_;2)|J1,Jz,V17V2)<J1,J2,V1,7/2| (80)
(i—=1

Lz> = ha)C dM("h J27 J/l, VZ) |J15 J27 J/l, )’2)(]1, J25 Vla J/Zl (81)
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and their lower symbols are given by

- J1+2) (1+J Y Ji+1
H0>=ha)(1 ) > LZ>=hwc(1 )'
2 11— 2
Therefore the upper and lower symbols for the restriction of the total Hamiltonian are
N 1+ 7
2. =hw(J; —2) 2) +haw(Jy — 1)
1—-/

l+]2
11—

The lower bound integral in Berezin—Lieb inequalities restricted to the considered sector
is then given by

2H. =ha)(J1+2)< >+ha)c(11+l).

1 N
3 /duul, Jo, vi, v2) In[1 + e P10

1 [ o J
= _E/ dJ/ dyzln[l+a+(y)e—§<hw«v+hwr”] (82)
0 1
(with the substitution y = 11322 ), where
O'j:(y) — eiﬂ(ha)y+hm[./2iu.). (83)

Since oy (y) is always larger than 1, we get for (82)
2 o d _ (Ino,(y))?  #%lno.(y)
3 2/ ™ {F3(_“+(y) - 2RV =
B )i (wy+ o) 6 6

This integral is divergent and therefore yields no lower bound to the thermodynamic potential.
For the right-hand integral of the Berezin—Lieb inequalities we have

1 [es] [ele] J B oviTion
_E/o dJ/1 dyEIn[l+a,(y)e 2 (reyshed ] (85)

When o_(y) is larger than 1 the integral diverges. Therefore we assume hw + ho./2 > n
and then (85) becomes

2 /°°d (-0 (y) 2 i(_l)ne—nﬂmwc/zw
! 'B3h2 n=1

_,337’12 (Wy +wo)r o (w + we)

} . (84)

E,x(nph(w+w.)) =U (86)

where

Bw=[ (87)
1

For the sector defined by n; = n, = n we have

e} 1 2 o0
Z|n><n|:2—/ dy/ dJ 1], v}y
0 T Jo 0

. hw A
Hy_ = 7(2] +1) = Hy_ +ho.

The bounds over the whole Hilbert space are obtained by adding the results for each sector.
We finally obtain the inequality:

Q < Y(e PBe/22my L Uy (88)
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Figure 1. Pictorial representation of the state space |n, na). (@) Representations of 1D harmonic
oscillator. (b) Irreducible representations of su(2). (¢) The discrete series of su(1, 1); lines above
(below) the dashed line belong to the first (second) sector, as considered in the text.

where V¥ («) is given by
1
2 ,8 0

B 1 —F(—k) for « <1
T Bho |FPa(—« )+ 1(nk)? = 2F(-1) otherwise.

The inequality (88) is quite different from (61), showing that in general the results obtained
using different families of coherent states will not be the same. In particular, no lower bound
can be established using the su (1, 1) coherent states due to the divergence of the integral (84).

The three different types of coherent states that have been used for this two-dimensional
model have a simple geometric interpretation, shown in figure 1. In each one of them
we present a different perspective of the Hilbert space of states of the system (to each dot
corresponds a state |n, n,)), and the involved representations of su(2) and su(1, 1).

2 o)
v (k) dy/ In[1 +x e P/ 1dJ
0
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